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Abstract
We propose a physical interpretation of the chiral de Rham complex as a formal
Hamiltonian quantization of the supersymmetric non-linear sigma model. We show
that the chiral de Rham complex on a Calabi-Yau manifold carries all information
about the classical dynamics of the sigma model. Physically, this provides an opera-
tor realization of the non-linear sigma model. Mathematically, the idea suggests the
use of Hamiltonian flow equations within the vertex algebra formalism with the pos-
sibility to incorporate both left and right moving sectors within one mathematical
framework.
1 Introduction
The chiral de Rham complex (CDR) is a notion introduced by the mathematicians Malikov,
Schechtman and Vaintrob in [16]. CDR is a sheaf of supersymmetric vertex algebras over
a smooth manifold M . It is defined by gluing free chiral algebras on the overlaps of
open subsets of M isomorphic to Rn (Cn). Since the original article [16], there has been
considerable progress on the mathematical literature about CDR. In physics, however,
CDR did not attract extensive attention. The key word in the physics interpretation of
CDR were the words “chiral” and “perturbative”. In [14, 21, 19, 20] CDR (and more
generally, chiral differential operators) were interpreted in the context of the half-twisted
sigma model in the perturbative regime. In [17] a Lagrangian approach to CDR and other
related sheaves was described. In another set of related works, [7, 8, 9], CDR was discussed
in the context of the infinite volume limit of the sigma model. The infinite volume sigma
model was suggested as a “non-perturbative completion of CDR”.
In this work, we would like to initiate a different interpretation of CDR. Our idea
originates from the observation that many formulas in two seemingly unrelated subjects are
identical. Namely, the formulas originating from the study of CDR [2, 11, 12] are identical
(modulo some quantum terms) to the formulas arising within the classical Hamiltonian
analysis of the N = (1, 1) supersymmetric non-linear sigma model [22, 4, 23]. Moreover,
the Poisson brackets in the Hamiltonian formalism agree up to quantum terms with the
quantum brackets in CDR. This fact strongly suggests to interpret CDR as a formal
canonical quantization of the non-linear sigma model. However, CDR is just a formal
quantization of the string phase space, and it does not carry any dynamical information
unless the Hamiltonian flow equations are introduced in the game. If this is done, then
CDR, with a particular choice of a global section, encodes everything about the classical
dynamics of the non-linear sigma model. Hopefully, it knows about the quantum dynamics
as well.
One peculiarity of the Hamiltonian formalism is that it mixes the left (chiral) and
right (anti-chiral) moving sectors. Thus, taking seriously the Hamiltonian interpretation of
CDR, the word “chiral” in CDR becomes misleading. If properly interpreted, CDR carries
information about both the chiral and the anti-chiral sector of theory1. Mathematically,
it gives hope to recover the chiral and anti-chiral sectors within the framework of vertex
algebras and therefore it may provide, eventually, a more solid mathematical basis for the
study of non-linear sigma models.
The paper is organized as follows. In section 2 we briefly review the formalism of vertex
algebras and the definition of CDR as a family of sheaves of SUSY vertex algebras. In
1The name chiral-anti-chiral de Rham complex was suggested in [9].
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section 3 we discuss a particular set of global sections of CDR on a Calabi-Yau manifold
which gives rise to two commuting copies of the N = 2 superconformal algebra. Section 4
reviews some basics about the classical N = (1, 1) supersymmetric sigma models and its
Hamiltonian treatment. We recover the above mentioned global sections of CDR within
the Hamiltonian formalism. We also discuss the classical equations of motion. Section 5
contains an interpretation of CDR as a formal canonical quantization of the non-linear
sigma model. We also show in this section how CDR suggests the way to calculate equal
time commutators for the sigma model. We also briefly discuss the mathematical aspects
of the present interpretation. In section 6 we present rather simple examples of interpreting
the free boson and free fermion in terms of CDR. Section 7 contains the final remarks and
further speculations on the present interpretation of CDR.
Before proceeding further, let us make a disclaimer. This is a physics article, not
a mathematical one. However, we believe that the present physical ideas bring along
interesting mathematics and thus we allow ourselves for some short speculations on this
subject. We hope to return to proper mathematical treatment of these ideas in a separate
publication.
2 Review of CDR
In this section we review the basics on vertex algebras and CDR. We also set the con-
ventions for the rest of the article. We use the name “chiral de Rham complex” (CDR)
due to historical reasons. Otherwise, we find the name CDR misleading, especially in the
context of the present work. To avoid any fixation on the word “chiral” we denote our
formal coordinate for the punctured disk by ξ. In later discussions, we associate ξ = eiσ
with the periodic coordinate σ along the loop. CDR was originally introduced in [16],
however, we follow the treatment given in [2].
First, let us review the definition of vertex superalgebras, as presented in [13]. Given a
vector space V , an End(V)-valued field is a formal distribution of the form
A(ξ) =
∑
n∈Z
ξ−1−nA(n), A(n) ∈ End(V),
such that for every v ∈ V , we have A(n)v = 0 for large enough n.
A vertex superalgebra consists of the data of a super vector space V , an even vector
|0〉 ∈ V (the vacuum vector), an even endomorphism ∂, and a parity preserving linear
map A 7→ Y (A, ξ) from V to End(V)-valued fields (the state-field correspondence). This
data should satisfy the following set of axioms:
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• Vacuum axioms:
Y (|0〉, ξ) = Id,
Y (A, ξ)|0〉 = A+O(ξ),
∂|0〉 = 0.
• Translation invariance2:
[∂, Y (A, ξ)] = ∂ξY (A, ξ).
• Locality:
(ξ − ξ′)n[Y (A, ξ), Y (B, ξ′)] = 0, n≫ 0.
(The notation O(ξ) denotes a power series in ξ without constant term.)
Given a vertex super-algebra V and a vector A ∈ V , we expand the fields
Y (A, ξ) = A(ξ) =
∑
j∈Z
ξ−1−jA(j),
and we call the endomorphisms A(j) the Fourier modes of Y (A, ξ). Now, define the
operations
[AλB] =
∑
j≥0
λj
j!
A(j)B,
: AB : = A(−1)B,
where λ is a formal even parameter. The first operation is called the λ-bracket and the
second is called the normally ordered product. The λ-bracket contains all the information
about the commutators between the Fourier coefficients of fields in V , and the OPE can
easily be read from it, namely
A(ξ)B(ξ′) =
∑
j≥0
(
A(j)B
)
(ξ′)
(ξ − ξ′)j+1 + : A(ξ)B(ξ
′) : , (2.1)
where the last term corresponds to the normally ordered product. Correspondingly, the
commutator is
[A(ξ), B(ξ′)] =
∑
j≥0
1
j!
(A(j)B)(ξ
′) ∂jξ′δ(ξ − ξ′) . (2.2)
In all further considerations we drop the notation : :, and the normal ordering is al-
ways assumed in the quantum setup. In practice, the λ-bracket is a convenient tool for
manipulations with OPEs.
2We denote the even endomorphism and the derivative along ξ by the same sign ∂. The appropriate
interpretation of ∂ should be clear from the context.
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Next, we review SUSY vertex algebras from [10]. The idea behind the definition is to
extend the formal even variable ξ to formal variables (ξ, θ) with θ being an odd Grass-
man variable. Given a super vector space V , an End(V)-valued superfield is a formal
distribution of the form
A(ξ, θ) =
∑
j∈Z
J=0,1
ξ−1−jθ1−JA(j|J) , A(j|J) ∈ End(V) ,
such that for every v ∈ V , A(j|J)v = 0 for large enough j.
A SUSY vertex algebra consists of the data of a super vector space V , an even vector
|0〉 ∈ V (the vacuum vector), an odd endomorphism D (whose square is an even endomor-
phism which we denote ∂), and a parity preserving linear map A 7→ Y (A, ξ, θ) from V to
End(V)-valued superfields (the state-superfield correspondence). This data should satisfy
the following set of axioms:
• Vacuum axioms:
Y (|0〉, ξ, θ) = Id ,
Y (A, ξ, θ)|0〉 = A+O(ξ, θ) ,
D|0〉 = 0 .
• Translation invariance:
[D, Y (A, ξ, θ)] = (∂θ − θ∂ξ)Y (A, ξ, θ),
[∂, Y (A, ξ, θ)] = ∂ξY (A, ξ, θ).
• Locality:
(ξ − ξ′)n[Y (A, ξ, θ), Y (B, ξ′, θ′)] = 0 n≫ 0.
(The notation O(ξ, θ) denotes a power series in ξ and θ without a constant term in ξ.)
Given the vacuum axioms for a SUSY vertex algebra, we will use the state-field cor-
respondence to identify a vector A ∈ V with its corresponding field Y (A, ξ, θ). Given a
SUSY vertex algebra V and a vector A ∈ V , we expand the fields
Y (A, ξ, θ) = A(ξ, θ) =
∑
j∈Z
J=0,1
ξ−1−jθ1−JA(j|J),
and we call the endomorphisms A(j|J) the Fourier modes of Y (A, ξ, θ). Define now the
operations
[AΛB] =
∑
j≥0
J=0,1
Λj|J
j!
A(j|J)B,
AB = A(−1|1)B,
(2.3)
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where Λj|J = λjχJ , with formal even λ and odd χ satisfying χ2 = −λ. The first operation
is called the Λ-bracket and the second is called the normally ordered product. This Λ-
bracket is an efficient way to encode and manipulate OPEs of superfields. In particular,
the commutator of two superfields is given by the following expression:
[A(ξ, θ), B(ξ′, θ′)] =
∑
j≥0
J=0,1
(−1)J
j!
(
∂jξ′D
J
ξ′θ′δ(ξ − ξ′)δ(θ − θ′)
)
(A(j|J)B)(ξ′, θ′) . (2.4)
As in the standard setting, given a SUSY vertex algebra V and a vector A ∈ V , we have:
Y (∂A, ξ, θ) = ∂ξY (A, ξ, θ) = [∂, Y (A, ξ, θ)] .
On the other hand, the action of the derivation D is described by:
Y (DA, ξ, θ) = (∂θ + θ∂ξ) Y (A, ξ, θ) 6= [D, Y (A, ξ, θ)].
For further details of the formalism the reader may consult [10].
In [16], given any smooth manifoldM , the authors introduced a sheaf of vertex algebras
on M which they called the chiral de Rham complex (CDR). Roughly, the idea is to
associate locally over a neighborhood of a point, a vertex algebra corresponding to a free
βγbc-system. The crucial observation is that the group of coordinate changes can be
mapped into the group of vertex algebra automorphisms of this free system. This allows
one to glue the algebras associated to different open sets in M together, and construct
a sheaf. Although the formalism of [16] works in the analytic, algebraic and smooth
settings, most of the mathematics literature on CDR is dedicated to the algebraic case.
In the present case, we are interested in the smooth setting. This set-up was considered
in [15] and, in the superfield formulation, in [2].
The βγ-system is the vertex algebra generated by the even fields βµ and γ
µ, subject
to the following relation:
[βµ(ξ), γ
ν(ξ′)] = ~δνµδ(ξ − ξ′) . (2.5)
The fermionic bc-system is the vertex algebra generated by the odd fields bµ and c
µ satis-
fying
[cµ(ξ), bν(ξ
′)]+ = ~δµν δ(ξ − ξ′) , (2.6)
where [ , ]+ stands for anticommutator. In the following discussion, all our operations
will be Z2-graded, and we will drop the subscript +. In section 6 we will consider the
βγbc-system in more detail. We can combine these fields into superfields and introduce
the SUSY vertex algebra generated by
φµ(ξ, θ) = γµ(ξ) + θcµ(ξ) , Sµ(ξ, θ) = bµ(ξ) + θβµ(ξ) , (2.7)
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which satisfy
[φµ(ξ, θ), Sν(ξ
′, θ′)] = ~δµν δ(ξ − ξ′)δ(θ − θ′) , (2.8)
or equivalently:
[φµΛSν ] = ~δ
µ
ν .
From (2.8) we easily recover the collection of the standard βγ-system (2.5) and bc-system
(2.6). Given a change of coordinates x˜µ = gµ(x) with its inverse xµ = fµ(x˜), we can define
a SUSY vertex algebra automorphism as follows:
φ˜µ = gµ(φ) , S˜µ =
(
∂fµ
∂φ˜ν
(g(φ))Sν
)
. (2.9)
Recall that products are normally ordered. The automorphism (2.9) preserves, in partic-
ular, the relation (2.8). Using (2.9) we can glue the SUSY vertex algebras generated by
(2.8) to obtain a sheaf Ωch
~
(M) of SUSY vertex algebras over M . Indeed, we deal with
a family of sheaves which depends (polynomially) on ~. It is important to stress that at
this moment we do not need to discuss any allocation of conformal weights for the fields
φµ and Sµ. The set of global sections Γ(M,Ω
ch
~
(M)) give rise to a family (depending on
~) of SUSY vertex algebras attached to M .
3 CDR on Calabi-Yau manifolds
In this section, we construct a specific collection of global sections of Ωch
~
(M) on any
Calabi-Yau manifold. In our presentation, we borrow the results from [2, 11].
On any orientable manifold M , with the choice of volume form
vold = e
ρ(x) dx1 ∧ ... ∧ dxd ,
the following defines a global section of Ωch
~
(M):
P = DφµDSµ + ∂φµSµ − ~∂Dρ . (3.1)
Expanded as
P(ξ, θ) = G(ξ) + 2θL(ξ) ,
it generates the N = 1 superconformal algebra (G,L) with central charge 3 dimM . With
respect to this Virasoro generator L, the fields φµ are primary of conformal weight 0. The
fields Sµ have conformal weight 1/2, but are not primary unless we choose coordinates
where the volume form is constant. We stress that this assignment of conformal weights
is not the one that usually is considered in the literature, in particular, it differs from the
one in the original work [16]. For further details, see section 6.5 below.
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LetM be a complex manifold with complex structure I, and suppose it admits a closed
holomorphic volume form Ω:
Ω = ef(z)dz1 ∧ ... ∧ dzn ,
written in holomorphic coordinates, with dimRM = d = 2n. Ω is related to the real
volume form by
Ω ∧ Ω¯ = in(n+2)2n vold .
In this case, Ωch
~
(M) has the following global section:
J1 = (IµνDφν)Sµ +
i
2
~D(f − f¯) , (3.2)
such that
J1(ξ, θ) = −iJ1(ξ)− iθ(G−1 (ξ)−G+1 (ξ)) , (3.3)
P(ξ, θ) = (G+1 (ξ) +G−1 (ξ)) + 2θL1(ξ) , (3.4)
and (J1, G
±
1 , L1) generate the N = 2 superconformal algebra of central charge 3 dimM .
If the manifold is symplectic with the symplectic form ω, then CDR admits the fol-
lowing global section:
J2 = 1
2
(ωµνSµSν − ωµνDφµDφν) , (3.5)
with ωµνω
νλ = δλµ, such that
J2(ξ, θ) = −iJ2(ξ)− iθ(G−2 (ξ)−G+2 (ξ)) , (3.6)
P(ξ, θ) = (G+2 (ξ) +G−2 (ξ)) + 2θL2(ξ) , (3.7)
and (J2, G
±
2 , L2) generate the N = 2 superconformal algebra of central charge 3 dimM .
The existence of the global sections (3.2) and (3.5) and their relation to N = 2 supercon-
formal algebra is a generic feature of generalized Calabi-Yau manifolds [12].
Let M be a Calabi-Yau manifold and choose a Ricci flat metric g, a complex structure
I and a closed Ka¨hler form ω = gI. In this case ρ = log
√
det(gµν) and, in addition to the
sections (3.1), (3.2) and (3.5), one can define another global section3
H = ∂φµDφνgµν + gµνDSµSν + ΓρσνgνλDφσ(SλSρ) , (3.8)
where Γ is the Levi-Civita connection. The algebraic relations satisfied by these global
sections (P,J1,J2,H) are given in the appendix, both in terms of Λ-brackets: (A.1)-
(A.10), and of their commutators: (A.11)-(A.18). Furthermore, we define the following
3H is a global section on a Calabi-Yau manifold, see [11] for further details. It is not clear whether or
not it is a global section on a generic Riemannian manifold.
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global sections:
HL = 1
2
(P+H) , HR = 1
2
(P−H) , JL = 1
2
(J1+J2) , JR = 1
2
(J1−J2) , (3.9)
such that
JL(ξ, θ) = −iJL(ξ)− iθ(G−L (ξ)−G+L(ξ)) , (3.10)
HL(ξ, θ) = (G+L(ξ) +G−L(ξ)) + 2θLL(ξ) , (3.11)
JR(ξ, θ) = −iJR(ξ)− iθ(G−R(ξ)−G+R(ξ)) , (3.12)
HR(ξ, θ) = (G+R(ξ) +G−R(ξ)) + 2θLR(ξ) . (3.13)
A tedious calculation from [11] shows that (JL, G
±
L , LL) and (JR, G
±
R, LR) generate two
commuting copies of the N = 2 superconformal algebra with central charge 3
2
dimM each.
The relation between the different N = 2 algebras is given by the following expressions:
L = L1 = L2 = LL + LR , (3.14)
J1 = JL + JR , J2 = JL − JR , (3.15)
G±1 = G
±
L +G
±
R , G
±
2 = G
±
L +G
∓
R , (3.16)
G = G+1 +G
−
1 = G
+
2 +G
−
2 . (3.17)
Summarizing, CDR enables us to construct four different N = 2 superconformal algebras
on a Calabi-Yau manifold with fixed complex and Ka¨hler moduli. There are two com-
muting copies (JL, G
±
L , LL) and (JR, G
±
R, LR), with central charge
3
2
dimM each. Their
different “diagonal” combinations (3.14)-(3.17) give rise to the N = 2 algebra (J1, G
±
1 , L1)
which depends only on the complex moduli; and to the N = 2 algebra (J2, G
±
2 , L2) which
depends only on the Ka¨hler moduli.
The following is a simple but important observation about these two commuting copies
of the N = 2 superconformal algebra. Let us map the variable ξ to a loop coordinate σ
such that ξ = eiσ. The transformations will be controlled by the diagonal Virasoro algebra
L, see (3.14). Thus a field O(ξ), primary of conformal weight ∆:
O(ξ) =
∑
n∈−∆+Z
Onξ
−n−∆,
has the following expansion with respect to σ:
O(σ) = i∆
∑
n∈Z
One
−inσ .
We may regard these operators as operators at time zero within the canonical quantization
on a cylinder S1 × R. We choose the Hamiltonian
H = i(LL)0 − i(LR)0 = i
2
∫
dξdθξ H(ξ, θ) , (3.18)
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and postulate the following flow equation for an operator O:
dO(σ, t)
dt
=
1
~
[H,O(σ, t)] . (3.19)
The formal solution to the flow equation (3.19) is
O(σ, t) = e
1
~
tHO(σ)e−
1
~
tH . (3.20)
This setup allows us to interpret the model as defined over the cylinder. In particular,
we get from (3.18) and (3.19) that JL(t+ σ), G
±
L(t + σ), LL(t+ σ) and JR(t− σ), G±R(t−
σ), LR(t−σ). Thus we have left and right moving N = 2 algebras defined over a cylinder.
4 Classical sigma model
In this section we consider the classical supersymmetric non-linear sigma model defined
over S1×R, with Minkowski signature. The Euclidean case can be treated along the same
lines.
The supersymmetric N = (1, 1) sigma model is defined by the following action func-
tional
S =
1
2
∫
dσ dt dθ−dθ+D+Φ
µD−Φ
νgµν(Φ) , (4.1)
where we use the N = (1, 1) superfield formalism and g is a metric on the target M . The
even coordinate σ parametrizes the circle S1 and t is the time coordinate for R. The pair
θ± labels the spinor coordinates. The spinor derivatives D± are defined as:
D± =
∂
∂θ±
+ θ±(∂0 ± ∂1) , D2± = ∂0 ± ∂1 , (4.2)
where ∂0 ≡ ∂∂t and ∂1 ≡ ∂∂σ . This action is invariant under N = (1, 1) superconformal
transformations. If the target manifold M is Ka¨hler then the action (4.1) is invariant
under N = (2, 2) superconformal symmetry and in particular it is invariant under the
following transformations:
δΦµ = ǫ+D+Φ
νIµν (Φ) + ǫ
−D−ΦνIµν (Φ) , (4.3)
where ǫ± are odd functions subject to the condition D±ǫ∓ = 0, and I is the complex
structure on the target M .
We would like to define the Hamiltonian formalism for the model and discuss the
Hamiltonian realization of the symmetries of the action (4.1). In going to Hamiltonian
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formalism we would like to get rid of one odd θ. Let us introduce new odd coordinates as
follows:
θ+ =
1√
2
(θ0 + θ1) , θ
− =
1
i
√
2
(θ0 − θ1) , (4.4)
together with odd derivatives
D+ =
1√
2
(D0 +D1) , D− =
1
i
√
2
(D0 −D1) , (4.5)
which satisfy D20 = ∂1, D
2
1 = ∂1 and D1D0 +D0D1 = 2∂0. In order to integrate out θ0 we
introduce new superfields:
φµ = Φµ|θ0=0 , Sµ = gµνD0Φν |θ0=0 , (4.6)
and from now on D1 = D1|θ0=0. After performing θ0-integration, the action (4.1) becomes
S =
∫
dtdσdθ1
(
Sµ∂0φ
µ − 1
2
H
)
, (4.7)
where
H = ∂1φµD1φνgµν + gµνSµD1Sν + SρD1φγSλgνλΓργν . (4.8)
Thus we can conclude that the sigma model phase space corresponds to a cotangent bundle
T ∗LM to a superloop space LM = {S1|1 → M} equipped with the natural symplectic
structure ∫
dσ dθ1 δSµ ∧ δφµ . (4.9)
Here θ1 transforms as a section of the square root of the canonical bundle over S
1. Thus
the space of functionals on T ∗LM is equipped with a super-Poisson bracket { , } generated
by the relation:
{φµ(σ, θ1), Sν(σ′, θ′1)} = δµν δ(σ − σ′)δ(θ1 − θ′1) . (4.10)
From (4.7) and (4.8) the Hamiltonian is:
H =
1
2
∫
dσdθ1 H,
and the sigma model equation of motions are
∂φµ
∂t
= {H, φµ} = gµνD1Sν − gµσΓλσνD1φνSλ ,
∂Sµ
∂t
= {H,Sµ} = gµρ∂1D1φρ + ∂1φνD1φρΓµνρ + SνD1SρgρλΓνλµ
+
1
2
SνD1φ
ρSλ
(
∂ρ(g
λγΓνµγ)− ∂µ(gλγΓνργ)
)
,
(4.11)
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where ∂ρ and ∂µ in the last equation refer to derivatives along the target coordinates. The
equations (4.11) are equivalent to the equations which follow from the variational principle
for (4.1).
Next let us discuss how the symmetries of the action functional (4.1) are realized in
the Hamiltonian formalism. It is a tedious but straightforward computation to check that
(4.3) are realized in the Hamiltonian formalism by the following generators:
J1(ǫ1) =
∫
dσdθ1 ǫ1(σ, θ1) I
µ
νD1φ
νSµ , (4.12)
J2(ǫ2) = 1
2
∫
dσdθ1 ǫ2(σ, θ) (ω
µνSµSν − ωµνD1φµD1φν) , (4.13)
where I is complex structure and ω = gI is Ka¨hler form. The parameters are related as
follows:
ǫ1 =
1√
2
(iǫ− + ǫ+) , ǫ2 =
1√
2
(iǫ− − ǫ+) ,
where ǫ± are evaluated at t = 0. The remaining generators of N = (2, 2) superconfor-
mal symmetry can be calculated by computing the Poisson brackets between different
combinations of J1 and J2. In addition to (4.12) and (4.13) we obtain
P(a1) =
∫
dσdθ1 a1(σ, θ1) (D1φ
µD1Sµ + ∂1φ
µSµ) , (4.14)
and
H(a2) =
∫
dσdθ1 a2(σ, θ1)
(
∂1φ
µD1φ
νgµν + g
µνSµD1Sν + SρD1φ
γSλg
νλΓργν
)
, (4.15)
thus obtaining the Hamiltonian realization of the N = (2, 2) superconformal symmetries
of the action (4.1).
In order to compare these results with the expressions of the previous section, we
perform a change of coordinates. Since we are in the classical set-up, we can easily change
coordinates even at the Lagrangian level. In particular, we perform the transformation
ξ = eiσ, (iξ)−1/2θ = θ1, which imply:
(iξ)1/2D = D1 , (iξ)
1/2dθ = dθ1 , (iξ)
1/2Sµ(ξ, θ) = Sµ(σ, θ1) ,
where we now use the notations from the previous two sections. Now, one can easily see
that all Hamiltonian generators of N = (2, 2) superconformal symmetry derived from the
action principle are mapped directly to the expressions from the previous section, modulo
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~-terms,
P(ξ, θ) = DφµDSµ + ∂φµSµ , (4.16)
J1(ξ, θ) = (IµνDφν)Sµ , (4.17)
J2(ξ, θ) = 1
2
(ωµνSµSν − ωµνDφµDφν) , (4.18)
H(ξ, θ) = ∂φµDφνgµν + gµνSµDSν + SρDφσSλgνλΓρσν . (4.19)
In particular the Hamiltonian becomes
H =
i
2
∫
dξdθ ξ
(
∂φµDφνgµν + g
µνSµDSν + SρDφ
σSλg
νλΓρσν
)
, (4.20)
which is the same as in (3.18). The conventions for the Poisson brackets and the brackets
for the above classical generators can be found in the appendix, see (A.21)-(A.28).
5 Interpretation
In this section we combine the results from the two previous sections. We offer both
physical and mathematical interpretations of these results.
5.1 Physical aspects
In section 4 we analyzed, in the Hamiltonian formalism, the classical supersymmetric non-
linear sigma model with a Ka¨hler manifold as target. Its phase space is defined as the
cotangent bundle to a superloop space T ∗LM . The canonical Poisson bracket is given in
local coordinates by the following expression:
{φµ(ξ, θ), Sν(ξ′, θ′)} = δµν δ(ξ − ξ′)δ(θ − θ′) . (5.1)
Moreover, we have found the generators (P,J1,J2,H) of N = (2, 2) superconformal sym-
metries in the Hamiltonian formalism and calculated their Poisson brackets (A.21)-(A.28).
These generators correspond to the Hamiltonian realization of the superconformal sym-
metries of the action (4.1). One trivial, but important, aspect is that coordinate changes
x˜µ = gµ(x) (with inverse xµ = fµ(x˜)) can be mapped to symplectomorphisms of (5.1):
φ˜µ = gµ(φ) , S˜µ =
∂fµ
∂φ˜ν
(g(φ))Sν . (5.2)
Thus it is very easy to construct local expressions which are diffeomorphism invariant and
calculate their Poisson brackets.
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In section 3 we considered the chiral de Rham complex Ωch
~
(M) on a Calabi-Yau man-
ifold M . Ωch
~
(M) is a sheaf of SUSY vertex algebras which are defined locally by the
commutator:
[φµ(ξ, θ), Sν(ξ
′, θ′)] = ~δµν δ(ξ − ξ′)δ(θ − θ′) , (5.3)
which can be understood as a canonical quantization4 of the the structure (5.1). As in any
operatorial quantization we have to deal with the ordering problem. In CDR, we choose
the standard normal ordering for all operators. Once we choose the ordering, we can look
at the normal ordered version of (5.2) (see (2.9)) and ask if it respects the commutator
(5.3). As it stands, this is a complicated issue and it requires additional care. CDR gives
meaning and a solution to this question. Thus, CDR provides a prescription by which
to perform a canonical quantization of the non-linear sigma model. Next, we look at the
normally ordered expressions for the classical (P,J1,J2,H) and it turns out that P and
J1 are not well-defined under “quantum diffeomorphisms” unless they are corrected by
~-terms. In order to be able to do this we require that M is a Calabi-Yau manifold. Once
we have well-defined operators, we can calculate the operator algebra they generate, which
turns out to be a central extension of the N = (2, 2) superconformal algebra.
Therefore, CDR suggests to perform a canonical quantization locally on M and then
glue each patch in an appropriate sense. Indeed, if M is an affine space with its stan-
dard flat metric, then the canonical quantization of the sigma model can be carried out
completely. The reader may consult the next section for explicit formulas. In fact, the
free βγbc-system (with an appropriate choice of Hamiltonian) can be interpreted as the
canonical quantization of the sigma model with flat metric over an affine space.
The set of global sections V~ := Γ(M,Ω
ch
~
(M)) is a family of vertex algebras associated
to the manifoldM (depending on the parameter ~). The operators from V~ are interpreted
as operators of the quantum sigma model in the Schro¨dinger picture (i.e., the operators
are taken at fixed time, say t = 0). If we choose a Hamiltonian H ∈ V~, and postulate
the flow equation (3.19), then we can work in the Heisenberg picture (3.20). From this
point of view, CDR does not carry any dynamical information unless a Hamiltonian is
introduced. This is consistent for example with results from [9], where the authors derive
CDR as the phase space for a suitable limit of the sigma-model.
The structures which we find in CDR can be equivalently found with the path integral
approach. CDR carries information about the equal time commutators, while the path
integral calculates the time ordered correlators:
〈T (O1(ξ, t), O2(ξ′, t′))〉 =
∫
DφDS O1(ξ, t)O2(ξ
′, t′)e
1
~
(
R
dtdξdθ Sµ∂tφν−
R
dtH) , (5.4)
4Here we miss the factor “i” which is important for unitarity issues. In the present consideration we
proceed formally and ignore the hermiticity of the operators.
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where T stands for the time ordering. In order to calculate equal time commutators we
have to use the Bjorken-Johnson-Low prescription5
〈[O1(ξ, t), O2(ξ′, t)]〉 =
(
lim
t→t′+0
− lim
t→t′−0
)
〈T (O1(ξ, t), O2(ξ′, t′))〉 . (5.5)
The result of this calculation is independent from the Hamiltonian H . We can use this
point splitting procedure to define our local operators and study their properties under
diffeomorphisms of the target manifold.
Let us a make a few concluding remarks. Our manipulations are formal and it is
open to further investigation how the Hamiltonian interpretation of CDR can help us
to understand the quantum sigma model. Especially one may need extra input for the
analysis of the solutions of the flow equation, for example in order to make sense of some
analytical issues. Eventually, we would like to understand how to calculate and study the
properties of the non-equal time correlators in the full quantum theory.
In the present considerations M is assumed to be a simply connected manifold. If M
is not simply connected then the phase space T ∗LM is not connected and thus we have to
face further complications in its quantization. Moreover, even if M is simply connected,
LM may fail to be simply connected. In this situation, one can replace M by a U(1)
gerbe with connection on M , or more generally by any Courant algebroid on M . CDR is
replaced in this setup by the sheaves of SUSY vertex algebras studied in [11] and [12].
5.2 Mathematical aspects
In this section we briefly review the quasiclassical limit of the chiral de Rham complex.
For a thorough introduction to Poisson vertex algebras as limits of vertex algebras and
the corresponding Hamiltonian equations we refer the reader to [5] (see also [6, §16.2]).
For an extensive study of sheaves of Poisson vertex algebras and their relation to chiral
de Rham complex see [17].
Suppose we are given a family of vertex algebra structures V~ on the same vector space
V . That is, we have a collection of operations A(n,~)B ∈ V for all A,B ∈ V . We may think
of the family V~ as a vertex algebra over the ring of power series C[[~]] instead of simply C.
Suppose moreover that in the limit V0 = lim~→0 V~ := V~/~V~, the vertex algebra becomes
commutative, that is, all the fields
Y~(A, ξ) =
∑
n∈Z
ξ−1−nA(n,~) ,
5It is important that we do not have a boundary in this field theory. The canonical relations may be
modified by boundary contributions, e.g. see [1].
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commute modulo ~-terms. Equivalently, it follows from (2.2) that all the products A(j,~)B,
j ≥ 0, vanish modulo ~-terms, and moreover, the normally ordered product is commutative
modulo ~-terms.
Note that this in particular says that the λ-bracket vanishes modulo ~, hence we can
rescale our commutators on V0 to define a new operation:
{AλB} = lim
~→0
1
~
[AλB]~ , (5.6)
or, equivalently
{A(ξ), B(ξ′)} = lim
~→0
1
~
∑
j≥0
1
j!
(
A(j,~)B
)
(ξ′)∂jξ′δ(ξ − ξ′) . (5.7)
V0 with its commutative product
A · B := lim
~→0
A(−1,~)B ,
its Poisson λ-bracket (5.6), and its derivation
∂A := lim
~→0
A(−2,~)|0〉 ,
acquires an extra structure known as a Poisson Vertex algebra and it is called the quasi-
classical limit of the family V~.
Performing computations on V0 is generally much simpler than performing computa-
tions on V~. For example, the bracket {λ} and the product · satisfy a simple Leibniz rule
on V0:
{AλB · C} = {AλB} · C +B · {AλC} , (5.8)
while the corresponding relation on V~ – known as the non-commutative Wick formula,
reads (we omit the ~ in the operations):
[Aλ : BC :] =: [AλB]C : + : B[AλC] : +
∫ λ
0
[[AλB]γC]dγ . (5.9)
Note that the integral term, under our hypothesis, vanishes of order ~2 since it is a double
commutator. In particular, this quantum correction disappears in the limit ~ → 0 even
after rescaling the OPE as in (5.6). It is in this sense that one usually refers to Poisson
vertex algebras as “vertex algebras with the quantum corrections removed”.
In section 2 we constructed a family of sheaves of vertex algebras Ωch
~
(M) on a manifold
M . Taking global sections one obtains a family of vertex algebras V~ := Γ(M,Ω
ch
~
(M)).
And finally, we obtain a Poisson vertex algebra by the above limiting procedure: V0 :=
lim~→0 V~. In fact, one can first take the limit locally, to obtain a sheaf V0 of Poisson
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vertex algebras, and then taking global sections we find V0 ≃ Γ(M,V0). Indeed, in a local
coordinate chart {xµ}, V0 is generated by fields (cf. (2.5) and (2.6)) (βµ, γµ) with their
Poisson bracket:
{βµ(ξ), γν(ξ′)} = δνµδ(ξ − ξ′) , (5.10)
or equivalently
{βµλγν} = δνµ , (5.11)
together with the fermionic fields (bµ, c
µ) satisfying the Poisson bracket6:
{bµ(ξ), cν(ξ′)} = δνµδ(ξ − ξ′) , or {bµλcν} = δνµ . (5.12)
One obtains other fields of V0 using the commutative product · and the derivation ∂.
The above said can be easily generalized to the case when the fields depend on an extra
odd coordinate θ, namely, when we have a family V~ of SUSY vertex algebras, such that
it becomes commutative in the limit V0 = lim~→0 V~. Again we find that V0 is generated
by even superfields φµ(ξ, θ) = γµ(ξ)+ θcµ(ξ) and odd superfields Sµ(ξ, θ) = bµ(ξ)+ θβµ(ξ)
satisfying the super-Poisson bracket:
{φµ(ξ, θ), Sµ(ξ′, θ′)} = δνµδ(ξ − ξ′)δ(θ − θ′) . (5.13)
We see that this coincides with (4.10), thus it is not surprising that formulas computed
at the quantum level in CDR, when viewed modulo ~-terms, that is, at the quasiclassical
level, coincide with the formulas of section 4.
Under a change of coordinates x˜µ = gµ(x) with its inverse xµ = fµ(x˜), the superfields
φµ and Sµ transform as in (2.9), but the multiplication is now commutative and associative.
In particular, V0 is a (infinite rank) vector bundle on M . Note however, that even though
the generating sections of V0 transform in a tensorial manner, not all local sections do, as
the example of DSµ = (∂θ + θ∂ξ)Sµ(ξ, θ) shows.
Using the above mentioned formalism, we can now interpret the results of section 4
as a classical limit of the equations of section 3. In fact, the expression for P in (4.16)
defines a field of V0, which is now interpreted as the limit of the fields of V~ defined by
(3.1). Similarly, one obtains all the generators of N = (2, 2) superconformal symmetries
of the classical sigma model on a Calabi-Yau manifold M (4.16)-(4.19), as the limit of the
corresponding sections of CDR on M .
Given a Poisson Vertex algebra V0 one usually considers elements of V0/∂V0 as “local
functionals” [5, Rem 6.3]. And for a given local functional H , one considers the “Hamil-
tonian equations”
u˙ = {H, u} , u ∈ V0 . (5.14)
6this is a Z2 graded bracket.
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In a similar manner, for a given vertex algebra V and an element H ∈ V/∂V we can
construct the “quantum Hamiltonian equations”
u˙ =
1
~
[H, u] , u ∈ V . (5.15)
Let M be a Calabi-Yau manifold and let V~ be the vertex algebra of global sections of
CDR, V0 its quasiclassical limit described above. Recall that we have the global section H
(3.8), and this clearly gives rise to an element of V0 as well. We consider the Hamiltonian
H =
1
2
∫
dσdt H . (5.16)
For this choice of Hamiltonian in V0, the equations (5.14) agree with the equations of
motion (4.11), derived in the context of the classical non-linear sigma model. Therefore
we see that the classical limit of the chiral de Rham complex ofM together with the choice
of Hamiltonian (5.16) recovers the full dynamics of the classical non-linear sigma model
on M .
Note however that since H is a well defined section in V~ for all ~, we can use H as a
quantum Hamiltonian to write down some quantum equations of motion. We refrain from
doing so here since these equations are not enlightening.
Remark 1. We have remarked earlier that the section (3.8) was constructed in [11] under
the assumption that M is Calabi-Yau. Even though we conjecture that this section is well
defined on any Riemannian manifold M , for the purposes of this section, we only need its
zero mode H. It is straightforward to check that H is well defined regardless of whether H
is.
Remark 2. Note that by solving formally (5.15) for each u ∈ V and by using the state-field
correspondence Y of V , we can associate a “field of two variables”7
u 7→ Y (u, σ, t) := Y (u(t), σ). (5.17)
Following [6] we can formally use the Virasoro LL (resp. LR) from section 3 to see how
these “fields” change with respect to changes in the coordinate σ + t (resp. σ − t), but
a priory we do not know how to deal with general coordinates in the worldsheet. The
appropriate algebraic axioms satisfied by the fields (5.17) will be studied elsewhere.
7Here we obviate the odd coordinates for simplicity.
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6 Free field examples
In this section we consider the free field examples and for simplicity we set ~ = 1. We
remind some standard facts about βγ- and bc-systems and also stress some aspects of
these systems in light of our previous discussion. Although we here repeat explicitly some
of the formulas from section 3 we find this discussion instructive and clarifying.
6.1 Free boson
Consider a single βγ-system defined by the bracket
[βλγ] = 1 , (6.1)
where we use the λ-bracket notation, see section 2. The Virasoro field is defined as:
L = β∂γ , (6.2)
which satisfies the Virasoro algebra:
[LλL] = (2λ+ ∂)L+
2λ3
12
, (6.3)
with central charge 2. With respect to this L, β is a primary field of conformal weight 1
and γ is of conformal weight 0,
γ(ξ) =
∑
n∈Z
γnξ
−n , β(ξ) =
∑
n∈Z
βnξ
−n−1 . (6.4)
The vacuum is annihilated by βn (n ≥ 0) and γn (n > 0), but γ0 is considered to be a
creator. The field L can be split into two parts as follows:
LL =
1
2
[
β∂γ +
1
2
(
β2 + (∂γ)2
)]
, LR =
1
2
[
β∂γ − 1
2
(
β2 + (∂γ)2
)]
. (6.5)
LL and LR give rise to two commuting copies of the Virasoro algebra with central charge
c = 1 each:
[LLλLL] = (2λ+ ∂)LL +
λ3
12
,
[LRλLR] = (2λ+ ∂)LR +
λ3
12
,
[LLλLR] = 0 .
(6.6)
Neither β nor γ are primary fields with respect to LL and LR. However the field
1√
2
(β+∂γ)
(resp. 1√
2
(β−∂γ)) is primary of conformal weight 1 with respect to LL (resp. LR). Indeed,
introducing new fields
α± =
β ± ∂γ√
2
, (6.7)
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which satisfy the following brackets:
[α±λα±] = ±λ , [α±λα∓] = 0 , (6.8)
the Virasoro fields LL/R can be written as:
LL =
1
2
α2+ , LR = −
1
2
α2− . (6.9)
These are just formal observations about the vertex algebra of the βγ-system.
Next, let us introduce a new parameter t, and a t-dependence on our fields by means
of flow equations. We choose the Hamiltonian to be:
H = i
∫
dξ ξ (LL − LR) = i
2
∫
dξ ξ
(
β2 + (∂γ)2
)
, (6.10)
or equivalently, in the σ-coordinates ξ = eiσ:
H =
1
2
∫
dσ
(
β2 + (∂σγ)
2
)
. (6.11)
In performing this coordinate change we have used that β is of conformal weight one and
γ is of conformal weight zero, and we use the “diagonal Virasoro” L = LL+LR to perform
changes of coordinates. The flow equations are:
dγ
dt
= β ,
dβ
dt
= ∂2σγ , (6.12)
and these are exactly the Hamiltonian equations for the free boson theory. The solution
of (6.12) is given by the following expression:
γ(σ, t) = γ0 + β0t+
∑
n 6=0
1
2
[
(γn +
i
n
βn)e
−in(σ+t) + (γn − i
n
βn)e
−in(σ−t)
]
. (6.13)
Thus, the βγ-system with an appropriate choice of Hamiltonian can be identified with the
standard free boson theory, which contains both chiral and anti-chiral sectors. Among the
solutions to the flow equation, the field α+ corresponds to the left moving (chiral) sector,
while α− to the right moving (anti-chiral) sector. It is crucial for the identification with
the free boson that γ0 is a creator so that we have states:
eikγ0 |0〉 ≡ |k〉 , β0|k〉 = ik|k〉 , k ∈ R . (6.14)
Let us finish with a simple but important comment. If we choose a different Hamilto-
nian, then we obtain different flow equations and a different system. For example, if we
consider the Hamiltonian
H =
∫
dσ β∂σγ , (6.15)
the flow equations are
dγ
dt
= ∂σγ ,
dβ
dt
= ∂σβ , (6.16)
which is just the standard chiral βγ-system.
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6.2 Free fermion
Next, we consider the super vertex algebra of the free bc-system, which is generated by
two odd fields b and c satisfying the following bracket:
[bλc] = 1 . (6.17)
The field
L =
1
2
(
(∂c)b+ (∂b)c
)
, (6.18)
gives rise to a Virasoro algebra of central charge 1. With respect to L, c and b are primary
fields of conformal weight 1/2:
c(ξ) =
∑
n∈Z+1/2
cnξ
−n− 1
2 , b(ξ) =
∑
n∈Z+1/2
bnξ
−n− 1
2 . (6.19)
The vacuum is annihilated by bn and cn (n > 0) and the rest of the modes are creators.
L can be split into two commuting parts:
LL/R =
1
4
(
(∂c)b + (∂b)c± (∂c)c± (∂b)b
)
, (6.20)
such that each LL/R generate a Virasoro vertex algebra with central charge
1
2
and they
mutually commute. Introducing the new fields:
ψ+ =
b+ c√
2
, ψ− =
b− c√
2
, (6.21)
satisfying the brackets
[ψ±λψ±] = ±1 , [ψ±λψ∓] = 0 , (6.22)
we rewrite LL/R as:
LL =
1
2
(∂ψ+)ψ+ , LR = −1
2
(∂ψ−)ψ− . (6.23)
Introducing the Hamiltonian:
H = i
∫
dξ ξ (LL − LR) = i
2
∫
dξ ξ ((∂c)c + (∂b)b) =
1
2
∫
dσ ((∂σc)c+ (∂σb)b) , (6.24)
the flow equations imply:
dψ±
dt
∓ ∂σψ± = 0 , (6.25)
and we can recognize these as the left and right moving parts of the standard free periodic
fermion system on the cylinder.
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6.3 N=1 supersymmetry
We can combine the βγ- and bc-systems from the previous subsections. The fields:
L = β∂γ +
1
2
((∂c)b+ (∂b)c) , G = cβ + (∂γ)b, (6.26)
give rise to the N = 1 superconformal algebra with central charge 3:
[LλL] = (2λ+ ∂)L +
3λ3
12
,
[LλG] = (∂ +
3
2
λ)G ,
[GλG] = 2L+ λ
2 .
(6.27)
Introducing the superfields φ = γ + θc and S = b+ θβ we have (cf. (3.1)):
P = G+ 2θL = DφDS + (∂φ)S , (6.28)
With respect to L, φ is a primary field of conformal weight 0 and S is primary of conformal
weight 1/2.
We can split L and G into two copies,
LL/R =
1
2
(
β∂γ ± 1
2
(
β2 + (∂γ)2
)
+
1
2
((∂c)b + (∂b)c± (∂c)c± (∂b)b)
)
,
GL/R =
1
2
(
cβ + (∂γ)b± βb± (∂γ)c
)
,
(6.29)
of commuting N = 1 superconformal algebras with central charge 3/2 each. Using super-
fields we can combine
GL/R + 2θLL/R =
1
2
(DφDS + ∂φS ± ∂φDφ ± (DS)S) . (6.30)
It is important to stress that the fields φ and S are not primary with respect to LL/R, but
rather their sum L = LL +LR. The Hamiltonian is just the sum of the expressions (6.10)
and (6.24) and the corresponding flow equations realize the free boson-fermion system.
We can consider d copies of the βγbc-system. The corresponding N = 1 superconformal
algebra of central charge 3d is generated by:
L = (∂γµ)βµ +
1
2
(
(∂bµ)c
µ + (∂cµ)bµ
)
, (6.31)
G = (∂γµ)bµ + (c
µ)βµ . (6.32)
For a constant d× d symmetric non-degenerate matrix gµν we define the fields
αµ+ =
gµνβν + ∂γ
µ
√
2
, αµ− =
gµνβν − ∂γµ√
2
, (6.33)
ψµ+ =
gµνbν + c
µ
√
2
, ψµ− =
gµνbν − cµ√
2
, (6.34)
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with brackets
[αµ±λα
ν
±] = ±gµνλ , [αµ+λαν−] = 0 , (6.35)
[ψµ±λψ
ν
±] = ±gµν , [ψµ+λψν−] = 0 . (6.36)
The N = 1 algebra (6.32) can be split into two commuting copies L = LL + LR and
G = GL +GR [13, Ex. 5.9a],
LL/R = ±1
2
αµ±gµνα
ν
± ±
1
2
∂ψµ±gµνψ
ν
± , (6.37)
GL/R = ±αµ±gµνψν± . (6.38)
Each has central charge 3
2
d. If we choose as Hamiltonian i(LL)0 − i(LR)0, we obtain the
quantization of the sigma model on Rd with metric gµν .
On a general manifold M we can glue together βγbc-systems according to [16]. When
M is orientiable, the generators (6.31) and (6.32) can be glued in a consistent manner
(they are the components of (3.1)).
6.4 N=2 supersymmetry
Next we consider Cn = R2n and we follow the notations from section 3. If we choose a
constant symplectic form ω then the fields (J2, G
±
2 , L2), with L2 = L in (6.31), G
+
2 +G
−
2 =
G in (6.32) and
J2 =
i
2
(ωµνbµbν − ωµνcµcν) , (6.39)
G−2 −G+2 = i (ωµνβµbν − ωµν∂γµcν) , (6.40)
generate the N = 2 superconformal algebra with central charge 6n. If we choose the
standard constant complex structure I, then the fields (J1, G
±
1 , L1) with L1 = L in (6.31),
G+1 +G
−
1 = G in (6.32) and
J1 = iI
µ
ν c
νbµ, (6.41)
G−1 −G+1 = iIµν ∂γνbµ − iIµν cνβµ, (6.42)
generate the N = 2 superconformal algebra with central charge 6n. If we require that ω
and I are compatible, i.e. we consider the Hermitian metric g = −ωI, then using (6.33)
(6.34) we can introduce two commuting copies of the N = 2 algebra (JL/R, G
±
L/R, LL/R)
with central charge 3
2
d each. Together with LL/R in (6.37) the other fields are written as
[13, Ex. 5.9d]
G+L/R = ±αi±gij¯ψj¯± , G−L/R = ±αi¯±gi¯jψj± , JL/R = ±ψ i¯±gi¯jψj±, (6.43)
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where we use holomorphic coordinates (i, i¯).
Here one can explicitly see that this is a canonical quantization of the N = (2, 2)
supersymmetric sigma model with target Cn. All operators above can be understood in
the Schro¨dinger picture. Introducing the Hamiltonian i(LL)0 − i(LR)0 we get the correct
time dependence.
6.5 Topological A-and B-twist
Here we briefly discuss the topological twist of the sigma model which we just discussed.
All our formulas are written in the flat Cn case, but they have a straightforward general-
ization for a Calabi-Yau manifold.
Starting with the left and right movingN = 2 superconformal algebra (JL/R, G
±
L/R, LL/R),
we can perform a topological twist. The idea is to redefine the Virasoro field in such a
way that the central charge becomes zero. Given the algebras (JL/R, G
±
L/R, LL/R) we can
define two inequivalent twists, the A-twist and the B-twist. The A-twist is given by
LL → LL + 1
2
∂JL ,
LR → LR − 1
2
∂JR ,
(6.44)
and the B-twist by:
LL → LL + 1
2
∂JL ,
LR → LR + 1
2
∂JR .
(6.45)
Using the notations from section 3 we have JL/R =
i
2
(J1 ± J2) |θ=0, and recall that both J1
and J2 give rise to the same L = LL+LR. The A-twist corresponds to a twist with respect
to J2 = iJ2|θ=0, while the B-twist corresponds to a twist with respect to J1 = iJ1|θ=0.
Let us perform the A-twist. Consider the N = 2 algebra (J2, G
±
2 , L2) and redefine
L2 → L2 + 12∂J2. Defining the new fields:
ψµ =
1√
2
(bµ − iωµνcν) , (6.46)
χµ =
1√
2
(cµ − iωµνbν) , (6.47)
β ′µ =
βµ − iωµν∂γν√
2
, (6.48)
γ′µ =
√
2γµ, (6.49)
with the brackets
[β ′µλγ
′ν ] = δνµ , [χ
µ
λψν ] = δ
µ
ν (6.50)
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we obtain a topological N = 2 algebra (L2, J2, Q2, G2):
L2 = ∂γ
µβµ + ∂χ
µψµ, (6.51)
J2 = χ
µψµ, (6.52)
Q2 = G
+
2 = χ
µβµ, (6.53)
G2 = G
−
2 = ψµ∂γ
µ − iωµνψµβν , (6.54)
where we have omitted ′ on β and γ. With respect to this new Virasoro, the fields ψµ and
χµ have conformal weights 1 and 0 respectively. Moreover, the odd generators Q2 and G2
have conformal weights 1 and 2, thus the zero mode of Q2 is a BRST operator. Note that
the last term in (6.54) can actually be rewritten as
G2 = ψµ∂γ
µ + [(Q2)0, V ] ,
V =
iωµνψµψν
2
.
(6.55)
The expressions (6.51)-(6.54) look like those in [16] modulo this BRST exact term. This
whole construction can be carried out on any symplectic manifold, where we can use
Darboux coordinates. By the usual arguments, the BRST cohomology is concentrated in
conformal weight zero, and the class of
OA = Aµ1...µk(γ)χµ1 ...χµk , (6.56)
is identified with the class [A] ∈ HkdR(M), the de Rham cohomology of M .
The B-twist corresponds to twisting the N = 2 algebra (J1, G
±
1 , L1). Redefining L1 →
L1+
1
2
∂J1 and using holomorphic coordinates, the corresponding topologicalN = 2 algebra
(L1, J1, Q1, G1) is given by
L1 = ∂γ
iβi + ∂γ
i¯βi¯ + ∂bic
i + ∂ci¯b¯i , (6.57)
J1 = bic
i − b¯ici¯ , (6.58)
Q1 = G
+
1 = ∂γ
ibi + c
i¯βi¯ , (6.59)
G1 = G
−
1 = ∂γ
i¯b¯i + c
iβi . (6.60)
With respect to the new Virasoro, the fields bi, b¯i, c
i, ci¯ have conformal weights 0, 1, 1, 0
respectively. The two odd generators Q1 and G1 are of conformal weight 1 and 2. Thus
the zero mode of Q1 is a BRST operator. Using holomorphic coordinates we can glue
all these formulas on a Calabi-Yau manifold. The BRST cohomology is concentrated in
conformal weight zero, and the class of
OB = Bj1...jqi¯1...¯ip (γ)ci¯1 ...ci¯pbj1 ...bjq (6.61)
can be identified with the class [B] ∈ Hp
∂¯
(M,∧qT 1,0M ).
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7 Summary
In this work we suggested to interpret Ωch
~
(M) as the prescription for a canonical quan-
tization of the non-linear sigma model8. In [11] it has been shown that for a Calabi-Yau
manifold M with a fixed Ricci flat metric one can construct global sections of CDR which
generate two commuting copies of N = 2 superconformal algebra with central charge
3
2
dimRM each. The form of these global sections has been guessed in [11]. Here we
show that these sections can be derived systematically from the the sigma model action.
Namely, they correspond to the Hamiltonian realization of N = (2, 2) superconformal
symmetry for the sigma model with a Calabi-Yau manifold as target. We explain the
matching of classical and quantum brackets, thus supporting the idea of the Hamiltonian
interpretation of CDR. In the Hamiltonian formalism, the dynamics is introduced through
the flow equations upon the choice of a Hamiltonian function. In fact, if we choose the
correct Hamiltonian, CDR contains the classical dynamics of the non-linear sigma model.
Amazingly this is the same Hamiltonian which allows us to interpret the two copies of the
N = 2 algebra in CDR as left (chiral) and right (anti-chiral) sectors.
Let us make a side remark at this point. In the context of our interpretation, the ability
to construct two commuting copies of N = 2 (with the correct central charges!) attached
to a Calabi-Yau manifold with a Ricci flat metric raises a puzzle about the multi-loop
calculations for the supersymmetric sigma model. It is believed that the sigma model on
a Calabi-Yau manifold is superconformal, but for a non Ricci-flat metric. The reader may
consult [18] for details. We hope to address this puzzle elsewhere.
The proposed interpretation of CDR also suggests some interesting mathematical ideas
for vertex algebras. A vertex algebra can be understood as a quantum field theory in the
Schro¨dinger picture. In particular, the βγbc-system can be interpreted as a free boson and
free fermion in the Schro¨dinger picture. Once the appropriate Hamiltonian is introduced,
we can switch to the Heisenberg picture by means of the flow equations. We hope that this
idea may allow to incorporate both chiral and anti-chiral sectors in a single mathematical
framework.
CDR should describe many systems which have T ∗LM as a classical phase space. The
dynamics would crucially depend on the concrete choice of Hamiltonian. Moreover, we
can deal with the gauge systems on T ∗LM (e.g., the Poisson sigma model, the non-linear
model onM/G when M admits the action of a Lie group G, etc.). The appropriate BRST
symmetries on CDR should be introduced to take care of the gauge symmetries, very much
in the spirit of [3].
For example, in order to describe the system related to the large volume limit of the
8Also see the related work by Malikov [17] on the relation of CDR and the Lagrangian approach.
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sigma model [7, 8, 9] we have to choose the following Hamiltonian:
H = i
∫
dξdθξ (∂φiSi − ∂φi¯Si¯) ,
written in holomorphic coordinates. One can easily check that the corresponding flow
equations admit holomorphic maps as solutions. We hope that one can derive the results
from [7, 8, 9] in the present operatorial Hamiltonian framework. Indeed, it would be a
good playground to check if we can describe the instanton correction within CDR with
the Hamiltonian flow equations.
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A Quantum and classical brackets on Calabi-Yau
On a Calabi-Yau manifold M , equipped with a complex structure I and a symplectic
structure ω such that g = −ωI is a Ricci-flat metric, we define the global sections of
Ωch
~
(M) (P,J1,J2,H) given by (3.1), (3.2), (3.5) and (3.8) respectively. These sections
form the following algebra with respect to the Λ-bracket [11] :
[PΛP] = ~(2∂ + χD + 3λ)P + ~2
c
3
λ2χ , (A.1)
[PΛJ1] = ~(2∂ + 2λ+ χD)J1 , (A.2)
[PΛJ2] = ~(2∂ + 2λ+ χD)J2 , (A.3)
[J1ΛJ1] = −~P − ~2
c
3
λχ , (A.4)
[J2ΛJ2] = −~P − ~2
c
3
λχ , (A.5)
[J1ΛJ2] = −~H , (A.6)
[HΛJ1] = ~(2∂ + χD + 2λ)J2 , (A.7)
[HΛJ2] = ~(2∂ + χD + 2λ)J1 , (A.8)
[HΛH] = ~(2∂ + χD + 3λ)P + ~2
c
3
λ2χ , (A.9)
[PΛH] = ~(2∂ + χD + 3λ)H , (A.10)
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where c = 3dimRM . We introduce the following notations: Z = (ξ, θ) and Z
′ = (ξ′, θ′),
∂′ ≡ ∂ξ′, D′ = Dξ′θ′ , δ(Z,Z ′) = δ(ξ−ξ′)δ(θ−θ′). Then the above algebra for the operators
(P,J1,J2,H) can be written equivalently in terms of commutators as
[P(Z),P(Z ′)] = ~ (2δ(Z,Z ′)∂′ −D′δ(Z,Z ′)D′ + 3∂′δ(Z,Z ′))P(Z ′)
−~2 c
3
∂′2D′δ(Z,Z ′) , (A.11)
[P(Z),Ji(Z ′)] = ~ (2δ(Z,Z ′)∂′ + 2∂′δ(Z,Z ′)−D′δ(Z,Z ′)D′)Ji(Z ′) , (A.12)
[Ji(Z),Ji(Z ′)] = −~δ(Z,Z ′)P(Z ′) + ~2 c
3
∂′D′δ(Z,Z ′) , (A.13)
[J1(Z),J2(Z ′)] = −~δ(Z,Z ′)H(Z ′) , (A.14)
[H(Z),J1(Z ′)] = ~(2δ(Z,Z ′)∂′ −D′δ(Z,Z ′)D′ + 2∂′δ(Z,Z ′))J2(Z ′) , (A.15)
[H(Z),J2(Z ′)] = ~(2δ(Z,Z ′)∂′ −D′δ(Z,Z ′)D′ + 2∂′δ(Z,Z ′))J1(Z ′) , (A.16)
[H(Z),H(Z ′)] = ~(2δ(Z,Z ′)∂′ −D′δ(Z,Z ′)D′ + 3∂′δ(Z,Z ′))P(Z ′)
−~2 c
3
∂′2D′δ(Z,Z ′) , (A.17)
[P(Z),H(Z ′)] = ~(2δ(Z,Z ′)∂′ −D′δ(Z,Z ′)D′ + 3∂′δ(Z,Z ′))H(Z ′) . (A.18)
If we take the classical limit ~→ 0 and make the replacement [ , ]→ ~{ , }, then we can
view this algebra as a super Poisson subalgebra of the Poisson algebra of functionals on
T ∗LM , the cotangent bundle of the superloop space. Using the following conventions for
the local functional F :
δF =
∫
dξdθ
(
F
←−
δ
δSµ
δSµ +
F
←−
δ
δΦµ
δΦµ
)
=
∫
dξdθ
(
δSµ
−→
δ F
δSµ
+ δΦµ
−→
δ F
δΦµ
)
, (A.19)
we find the corresponding Poisson bracket between the local functional F and G
{F,G} =
∫
dξdθ
(
F
←−
δ
δSµ
−→
δ G
δΦµ
− F
←−
δ
δΦµ
−→
δ G
δSµ
)
. (A.20)
This bracket is super Poisson. In particular we are interested in the local expressions
F (ξ, θ),
F (ξ, θ) = F (φ, S,Dφ,DS, ...) ,
which are constructed from the basic fields and a finite number of derivatives of those
fields. This local expression F (ξ, θ) can be interpreted as a functional evaluated at the
point (ξ, θ). These local expressions can be multiplied and thus they form super Poisson
subalgebra of the super Poisson algebra of all functionals on T ∗LM . This super Poisson
subalgebra of local expressions is the most interesting from the physics point of view. If
we approach this subalgebra formally we end up with the notion of Poisson vertex algebra.
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The Poisson brackets between the classical generators defined in (4.16)-(4.19) are given
by the following expressions:
{P(Z),P(Z ′)} = (2δ(Z,Z ′)∂′ −D′δ(Z,Z ′)D′ + 3∂′δ(Z,Z ′))P(Z ′) , (A.21)
{P(Z),Ji(Z ′)} = (2δ(Z,Z ′)∂′ + 2∂′δ(Z,Z ′)−D′δ(Z,Z ′)D′)Ji(Z ′) , (A.22)
{Ji(Z),Ji(Z ′)} = −δ(Z,Z ′)P(Z ′) , (A.23)
{J1(Z),J2(Z ′)} = −δ(Z,Z ′)H(Z ′) , (A.24)
{H(Z),J1(Z ′)} = (2δ(Z,Z ′)∂′ −D′δ(Z,Z ′)D′ + 2∂′δ(Z,Z ′))J2(Z ′) , (A.25)
{H(Z),J2(Z ′)} = (2δ(Z,Z ′)∂′ −D′δ(Z,Z ′)D′ + 2∂′δ(Z,Z ′))J1(Z ′) , (A.26)
{H(Z),H(Z ′)} = (2δ(Z,Z ′)∂′ −D′δ(Z,Z ′)D′ + 3∂′δ(Z,Z ′))P(Z ′) , (A.27)
{P(Z),H(Z ′)} = (2δ(Z,Z ′)∂′ −D′δ(Z,Z ′)D′ + 3∂′δ(Z,Z ′))H(Z ′) . (A.28)
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